Abstract: Compact optically pumped passively modelocked semiconductor disk lasers (SDLs) based on active quantum wells (QWs) such as vertical external-cavity surfaceemitting lasers (VECSELs) or modelocked integrated external-cavity surface-emitting lasers (MIXSELs) are wavelength-versatile sources that offer a unique combination of gigahertz pulse repetition rates and short pulse durations. In this paper, we present record-short pulses of 184 fs from a gigahertz MIXSEL emitting at a center wavelength of 1048 nm. This result comes at the expense of low optical-to-optical pump efficiency (<1%) and average output power limited to 115 mW. We experimentally observe that shorter pulses significantly reduce the macroscopic gain saturation fluence and develop a QW model based on rate equations to reproduce the gain saturation behavior and quantitatively explain the VECSEL and MIXSEL modelocking performances. We identify spectral hole burning as the main cause of the reduced gain at shorter pulse durations, which in combination with the short lifetime of the excited carriers strongly reduces the optical pump efficiency. Our better understanding will help to address these limitations in future ultrafast SDL designs. 435-453 (1996) "Measuring ultrashort laser pulses in the time-frequency domain using frequency-resolved optical gating," Rev.
Introduction
We have obtained systematic improvements of ultrafast optically pumped semiconductor disk lasers (SDLs) [1] during the last decade [2, 3] since the first demonstration in 2000 [4] . Semiconductor bandgap engineering of optically pumped vertical-external cavity surfaceemitting lasers (VECSELs) [5] provides selected lasing wavelengths optimized for specific applications. To date, modelocked operation has been demonstrated from the UV up to 2 µm and in continuous wave (cw) operation even up to the mid-IR (i.e. up to 5 µm) [5] [6] [7] [8] . The highest output power is achieved with InGaAs quantum well gain materials emitting at a center wavelength of around 1 µm. In continuous wave (cw) operation, InGaAs based VECSELs demonstrated up to 20 W of output power in a fundamental Gaussian mode [9] and 106 W in multimode [10] . For modelocked SDLs, optically pumped VECSELs passively modelocked with semiconductor saturable absorber mirrors (SESAMs) [11] provide the shortest pulses of 96 fs with 100 mW of average output power in fundamental modelocking (i.e. one single pulse per roundtrip) [12] . A more compact ultrafast SDL is obtained with the modelocked integrated external-cavity surface-emitting laser (MIXSEL) [13] , where the SESAM's saturable absorber is vertically integrated in the VECSEL gain structure. This results in a simple linear cavity with just 2 end mirrors represented by the semiconductor MIXSEL chip and the curved output coupler [ Fig. 1(c) ]. MIXSELs have demonstrated the highest output power of any modelocked SDLs, with 6.4 W in 28 ps pulses [14] and have reached pulse durations as short as 253 fs so far [15] . Furthermore the simple linear cavity enabled record-high pulse repetition rates up to 100 GHz [16] and dual-comb modelocking with excellent stability [17, 18] . Following the design guidelines explained in [19] , we present here further performance improvement with a MIXSEL generating pulses as short as 184 fs at a pulse repetition rate of 4.33 GHz. The average output power was limited to 115 mW, corresponding to a peak power of 127 W, and the optical-to-optical pump efficiency was 0.65%.
For cw InGaAs QW-VECSELs, optical-to-optical pump efficiencies as high as 45% in multimode output [10] and 43 .2% in fundamental Gaussian mode output [9] are reported. For femtosecond pulse durations, however, the efficiency is typically reduced to below 1% [12, 15] . Furthermore, for shorter pulse durations we typically observe a decreased pulse energy and therefore a limited average output power. This trade-off in both the pump efficiency and average output power with shorter pulse durations sets serious restrictions for applications that require a combination of short femtosecond pulses and high peak power to drive nonlinear optical processes such as frequency doubling for material processing [20] , multiphoton microscopy [21] and supercontinuum generation for metrology and frequency comb applications [22, 23] . For this reason we recently focused our efforts to relax the hard peak power requirements of sub-100-femtosecond pulses necessary to detect and stabilize the carrier-envelope-offset (CEO) frequency in a self-referenced f-to-2f interferometry scheme [24] for frequency comb stabilization thanks to promising results with Si 3 N 4 waveguides for supercontinuum generation [25, 26] .
In this paper, we want to develop a simple model that explains the observed trade-off between short pulse duration and pump efficiency. Recently, simulations relying on the development of fully microscopic many-body QW models based on Maxwell semiconductor Bloch equations [27] [28] [29] revealed that amplification of short pulses significantly decreases the carrier population in the inverted distribution creating kinetic holes. Under strong pumping conditions we have a reservoir of unused carriers outside of the spectral pulse domain that can seed additional pulses which destabilize fundamental modelocking. Such abinitio models offer a deep understanding for modelocked QW-VECSELs, but rely on a considerable computational effort and were up to now calculated only for resonant periodic gain structures [30] . Furthermore, several important quantities that cannot be theoretically predicted like inevitable growth inaccuracies, inhomogeneity of the layer thicknesses and influence of defect-recombination on the carrier lifetime limit the quantitative prediction capability of fully microscopic models for real structures, forcing a final adjustment of the theoretical results to macroscopic experimental data to obtain a proper quantitative description of the modelocking process.
Following the more phenomenological approach we introduced in [19] to simulate pulse formation processes in ultrafast SDLs, we expand here our efforts with a simplified QW gain model based on single carrier type rate equations (REs) [31, 32] . Our model provides a better understanding on various limitations of current SDLs and can reproduce the experimental values of output power and pump efficiency for different MIXSELs and VECSELs [12, 15] . As a key advantage of the introduced simplifications, most physical input parameters necessary for simulation can be directly measured.
We distinguish three time scales involved in SDL carrier dynamics [29] : a nanosecond time scale for the diffusion process of the optically pumped electrons and holes into the QW gain region, a 100-ps time scale for interband spontaneous recombination and finally a time scale in the hundreds of femtoseconds for intraband scattering phenomena. Through pumpprobe and gain/absorption saturation measurements of our VECSELs, MIXSELs and SESAMs, we directly obtain or fit the model input parameters and arrive at a quantitative explanation for the limited pulse fluence that is experimentally observed during modelocking.
Consistently with [33], we confirm in this paper that spectral hole burning is responsible for a lower gain saturation fluence with shorter pulse durations and is currently preventing power scaling in the sub-200-fs regime. In addition we can demonstrate that two-photon absorption (TPA) does not yet set a significant limitation for the output power even though TPA becomes stronger with shorter pulses [34, 35] . In contrast, we confirm that a short carrier lifetime in the conduction band in the order of 100 ps strongly reduces the optical-tooptical pump efficiency.
The paper is structured as follows. In section 2 we describe the recent modelocking improvements for our MIXSEL generating 184-fs pulses; section 3 focuses on the description of the RE QW model, while sections 4 and 5 show that the measured pulse-energy-dependent gain dynamics and gain saturation can be reproduced by this model. In section 6 and 7 we use this model to simulate and explain the modelocking performances and pump efficiencies of the SESAM modelocked VECSEL generating 100-fs pulses, as described in more details in [12] , and of the 184-fs MIXSEL result.
Experimental MIXSEL modelocking results

MIXSEL design and fabrication
In Fig. 1(a) we show the semiconductor epitaxial layer stack of the MIXSEL chip which is the same as described in [15] . The structure is designed for an operation wavelength around 1040-1050 nm. Going from the bottom to the top, the MIXSEL chip consists of a bottom 24-pair AlAs/GaAs distributed Bragg reflector (DBR) which forms a high reflective mirror for the lasing wavelength, followed by an absorber section with a single 11-nm thick In 0.2 Ga 0.8 As W and a 9.5 pair Al 0.15 Ga 0.85 As/AlAs DBR designed to reflect the pump wavelength and prevent bleaching of the absorber due to the residual pump light. This is followed by an active region with 10 In 0.19 Ga 0.81 As QWs of 9 nm thickness embedded in GaAs barriers. The compressive strain of the gain QWs is balanced by tensile strained layers of GaAs 0.94 P 0.06 . Passive modelocking is achieved following the design guidelines in [19] . The average electric field intensity enhancement factor at the QW positions was reduced to 0.65 (normalized to 4 out of a 100% reflective mirror) to increase the gain saturation fluence and flattened with variations below 10% over a range of ± 20 nm around the center wavelength to support broadband operation. A numerically optimized antireflection (AR) section with seven alternating layers of Al 0.15 Ga 0.85 As and AlAs followed by a single fused silica (FS) layer finalizes the structure. This last AR section minimizes the pump reflection and provides a close to constant group delay dispersion (GDD) in a range of ± 200 fs 2 over a 40-nm bandwidth around the lasing wavelength.
As described in [15], the semiconductor layer structure was grown in the FIRST lab at ETH Zurich. The growth was in reverse order for subsequent flip-chip bonding on a diamond heat spreader. The etch-stop layer, the AR section and the active region were grown in a metalorganic vapor phase epitaxy (MOVPE) machine to benefit from the P-based strain compensation layers. The two DBRs and the saturable absorber were grown using a molecular beam epitaxy (MBE) system to take advantage of the currently lower saturation fluence achieved with saturable absorbers grown by MBE. The single fused silica layer was deposited by plasma enhanced chemical vapor deposition (PECVD).
Compared to the structure used in [15], we improved the precision of the PECVD deposition process and adapted the fused silica thickness to partially compensate small deviations from design observed in the epitaxial structure due to growth errors. This provided a better dispersion management and enabled generation of shorter pulses. 
Modelocking performance
The MIXSEL chip was mounted on a copper heatsink and temperature stabilized at 9°C. A linear laser cavity is obtained with the MIXSEL chip as one end mirror and a curved output coupler (OC) as the other [ Fig. 1(c) ]. The OC has a 350-mm radius of curvature (ROC) and a transmission T OC of 0.44%. The cavity length was set to 34.6 mm, corresponding to a pulse repetition rate of 4.33 GHz in fundamental modelocking operation. The MIXSEL chip was pumped under an angle of 45° with a commercial multimode 808 nm fiber coupled diode array. To ensure single transverse mode operation, the laser spot size on the MIXSEL was set to a 184-µm radius, slightly larger than the circular pump spot size of a 180-µm radius on the MIXSEL chip. A 1-mm thick wedged fused silica plate was inserted into the cavity at Brewster angle to obtain a single linear polarization output. With the incident pump power increased to 17.6 W, self-starting stable modelocking operation was achieved at an average output power of 115 mW, corresponding to a pulse peak power of 127 W. A detailed pulse characterization carried out with second harmonic generation frequency resolved optical gating (SHG FROG) revealed a duration of 184 fs, which represents the shortest pulse duration ever achieved with the MIXSEL technology. Good agreement between the measured and the retrieved trace is visible in Figs 
Current limitations
With this new modelocking result we demonstrate for the first time pulse durations below 250 fs with a MIXSEL. This improvement validates our design guidelines as presented in [19] . However, it unfortunately confirms again the significant trade-off in output power and pump efficiency with shorter pulse durations. In particular, for our 184-fs result the optical-to optical pump efficiency does not exceed the low value of 0.65%. Moreover, the intracavity pulse fluence on the MIXSEL device during modelocked operation was limited to 5.8 µJ/cm 2 and the OC transmission to 0.44%.
To better understand the physical origin for this trade-off, we develop a QW rate equation model that can benefit from our measured input parameters. 
QW rate equation model
We have employed a rate equation model for the strain compensated In 0.19 Ga 0.81 As gain QWs embedded in GaAs barriers used in both a MIXSEL ( Fig. 1 ) and a SESAM modelocked VECSEL presented in [12] . Our goal is to obtain a precise quantitative description of the laser performance and a better understanding of their limitations. It is therefore important to minimize the number of input parameters for our model which cannot be measured directly. This leads to the introduction of several assumptions and simplifications that are explained as follows.
• Flat-band approximation. No external electric field is applied and no net current is flowing in the undoped laser structure. Carriers diffuse in the optically pumped GaAs barriers and are captured in the QW. An internal electric field is always formed due to a Coulomb interaction between electrons and holes that diffuse with different diffusion coefficients. The electric field causes a nonuniform carrier distribution with a larger carrier density close to the P side of the junction [32] . However, in the present structure the effect is minor and the carrier transport can be modeled as an ambipolar process [37] .
• Band structure of the QW. The band-offset between GaAs barriers and strain compensated In 0.19 Ga 0.81 As QW is 255 meV at 300 K. Since the temperature dependence of the energy bandgap is similar for the two materials, we consider the band-offset constant and keep the same value for the laser operation temperature in the active region, which is assumed to be 370-400 K. We define the zero energy in correspondence of the bottom of the bulk In 0.19 Ga 0.81 As conduction band and estimate a band-offset ratio of 0.67 [38] , meaning that the GaAs barriers are 170 meV high. The confinement effects shift the first energy sub-band at ≈30 meV and the second at ≈110 meV respectively (Fig. 3 ).
• Capture and escape rates. The different QWs in the laser structure are separated by several tens of nanometers, making electron coupling (by tunneling) between them negligible. We define a constant net carrier capture rate into the QW (1/ c τ ) which is determined by carrier diffusion through the pumped barriers and the relaxation rate into the QW itself. This net rate considers also the escape rate, which is related, at equilibrium to the capture rate by the principle of detailed balance. The ratio of escape-to-capture rate is assumed to remain constant under steady-state modelocking conditions. This is verified by the fact that under normal operation, the QW is not completely filled and 2 -3 B k T separate the last occupied QW state and the barriers which ensures that the escape probability is unperturbed.
• Two-level approximation. We divide the continuum of the energy states in the QW into two spectral regions. We define an interaction region which corresponds to the lowest 18-20 meV of the conduction band (sufficient to support the full spectral content of a ≈100 fs pulse at 1 µm), and call 1 N the corresponding carrier density (Fig. 3) . We make the assumption that spontaneous and stimulated emission events take place in this region independently of the spectral bandwidth of the incoming pulse, which is reasonable for pulses longer than the typical Rabi oscillation time scale (≈50 fs [39] [40] [41] ). The population at higher energies, referred to as 2 N acts as a carrier reservoir.
• Carrier dynamics. We assume that carriers diffuse from the barriers into N 2 with a capture time constant c τ in the nanosecond regime [42] . The relaxation to 1 N (i.e. the bottom of the band) takes place with a relative slow intraband time constant intra τ in the hundreds of femtoseconds [43] . Carriers in 1 N decay through spontaneous recombination with a time constant life τ in the hundreds of picoseconds. The local internal carrier re-distributions inside the single regions 1 N and 2 N are dominated by highly efficient intraband scattering processes involving small energy transfers with characteristic times in the tens of femtosecond range [40, 44] , significantly shorter than the considered pulse durations. They are therefore assumed to be instantaneous.
• Fermi-Dirac distribution. The maximum occupancy in 1 N at equilibrium is governed by a Fermi-Dirac probability distribution and is therefore related to the total carrier density of the QW. While lasers are naturally not in real equilibrium, this approximation is commonly used in ambipolar models and works well.
These assumptions and approximations lead us to the following rate equations:
where gain Γ is the stimulated emission coefficient that couples the carriers in 1 N with the modelocked sech 2 -pulse interacting with the gain chip at 0 τ with a fluence p F and a pulse duration p τ . 
where 10 N is the total amount of states in the 1 N region and 0 E is the average carrier energy (i.e. ≈9-10 meV); ( ) F E t is the Fermi energy which depends on the total carrier density of the QW. Normalization of the density of states (DOS) (Fig. 3) , leads to
until the second sub-band is reached. Defining E Δ as the energy difference between the two confined sub-bands, we obtain after the second sub-band:
In order to reproduce all the elements of a SDL cavity, we need to introduce an additional rate equation for the saturable absorber. We describe the population dynamics in the SESAM QW as follows:
where abs τ is the SESAM recovery time defined by the recovery time of the reflectivity to the 1/e -value of its maximum saturation. Γ abs represents the absorption rate related to the saturation fluence and K is the ratio between the fluence on the SESAM and the fluence on the gain chip ( 1 K = in a MIXSEL with the same intensity enhancement in absorber and gain, assuming obviously the same laser spot size and the equal number of passages per roundtrip on gain and absorber).
Assuming the gain proportional to 1 N , we define the reflectivity experienced by a modelocked pulse after a full roundtrip time T in a straight MIXSEL cavity: (1) and (2) with no incoming pulse. If we take into account the double pass in the gain chip and the different laser spot sizes on VECSEL and SESAM, the roundtrip reflectivity is calculated for a VECSEL V-shaped cavity: 
We expect small pulse variations during a single roundtrip during steady-state modelocking and therefore the same pulse reaches the VECSEL twice and the SESAM once per cavity roundtrip. 
Measurement and fit for the model input parameters
We fitted the RE model to experimental data in order to quantitatively reconstruct the gain dynamics and obtain values for the three time constants c We used a standard degenerate pump-probe setup with a tunable Ti:sapphire laser generating 100-fs pulses (stretched to 130 fs at the sample position) at 80 MHz with an average power of 900 mW. The center wavelength was adjusted to the photoluminescence peak of the QW at room temperature (1020 nm). During the pump-probe measurement the structure was not cw pumped with 808-nm diode. The measurement revealed a saturation recovery with a fast temporal component of ≈300-400 fs followed by a slow component of 130-140 ps [ Fig. 4(a) ]. These correspond to the value ranges used in the following for intra τ and life τ respectively.
Recently, in situ measurements of gain dynamics during modelocking operation have been shown in [45] for two VECSELs generating 300 fs and 800 fs pulses (these samples will be called hereon 300-fs VECSEL and 800-fs VECSEL). The fit of these experimental curves allowed us to extract values for c τ and for gain Γ (listed in Table 1 ). With all the parameters implemented in the RE model, the curves presented in [45] are well reproduced for both the 300-fs VECSEL and 800-fs VECSEL result [Figs. 4(b) and 4(c)].
Gain saturation
To verify the effect of pulse duration on gain saturation, we measured the pulse-fluencedependent reflectivity of a diode pumped VECSEL probing the sample with different pulse durations but keeping the probe spectrum unchanged. To achieve a better signal-to-noise ratio in gain measurements, we designed for this experiment a high-gain, 10-QW, strain compensated VECSEL with relatively high average field intensity enhancement factor of 0.7 at the QW positions (at 1020 nm). This VECSEL chip (that we will call the 672-fs VECSEL) delivered up to 10 W of output power in cw operation and 700 mW of modelocked average output power with 672-fs pulses at 1022 nm. We probed 672-fs VECSEL chip with the same Ti:sapphire laser previously described for the pump-probe measurements; the center wavelength was adjusted to 1020 nm and with a measured FWHM bandwidth of 12.3 nm [ Fig. 5(a) ].
To accurately measure the VECSEL reflectivity, we used a setup similar to [46] . The setup adds about 5000 fs 2 of group delay dispersion (GDD), therefore stretching the initial 100-fs pulse to 170 fs [ Fig. 5(b) ]. We test different pulse durations by stretching the pulses with 1, 3, 5, and 7 passages through a 9-cm block of SF-10 glass, adding roughly 9000 fs 2 of GDD per passage. As shown in Fig. 5(c) , we obtained a maximum pulse duration of 1.72 ps before the setup, corresponding to 1.89 ps on the sample. The VECSEL was mounted on a temperature stabilized heat sink and pumped with a cw multimode 808-nm diode laser array. During the measurement, we set the heat sink temperature to 5°C and the pump intensity to 57 kW/cm 2 . The measured reflectivity curves are shown in Fig. 6(a) . We observe that the small signal gain is not significantly affected by the pulse duration. However, longer pulse durations decrease the induced TPA losses [ Fig. 6(a) ] and also increase the gain saturation fluence [ Fig.  6(b) ]. When we use the input parameters summarized in Table 1 for the 672-fs VECSEL into the RE model, we obtain simulated reflectivity curves which are in good agreement with the measured data points [ Fig. 6(a) ]. The extracted numerical values for the gain saturation fluence (defined as in [46] ) could also be reproduced by the simulation [Fig. 6(b) ]. The measured behavior is explained as a consequence of spectral hole burning as follows. The incoming pulse stimulates recombination in the QW energetic region covered by the pulse spectrum ( 1 N in our model) and burns a spectral hole in the QW population. For low pulse fluence, the spectral hole is shallow and no effect of pulse duration on the small signal gain is observed. On the other hand, as the pulse fluence increases, the spectral hole deepens and is consequently filled via the decay of carriers from the reservoir ( 2 N ). However, if the pulse duration is shorter or comparable to the typical intraband carrier relaxation time intra τ , the hole is not completely refilled during the time the pulse is interacting with the QW. This decreases the carrier density available for the pulse amplification and results in a gain saturation which limits the laser average output power and pulse energy in ultrafast operation.
Analysis of the 100-fs VECSEL
In this section, we apply the RE model to fully describe the cavity elements used in the 100-fs VECSEL result reported in [12] . In particular, we obtain quantitative information on the maximum pulse fluence reachable in modelocked operation and on the maximum achievable output coupling (OC) rates. Moreover, we explore the possible advantages of chirped pspulses (with subsequent external pulse compression) in terms of output power and efficiency.
Finally, since two different mechanisms (i.e. TPA and gain saturation) are decreasing the effective gain for short pulses, we want to better understand their significance in limiting high-power and efficient ultrafast operation.
Simulation of the 100-fs VECSEL result
We measured gain saturation for the 100-fs VECSEL under the same experimental conditions that allowed short pulse generation, as reported in [12] . We matched the probing center wavelength to the lasing center wavelength (1034 nm) and applied the same heat-sink temperature (1°C) and pump intensity (21 kW/cm 2 ). We then fitted the measurement to obtain the correct parameters for the RE model [ Fig. 7(a) ]. The same was done to reproduce the saturation characteristic of the SESAM used in [12] [ Fig. 7(b) ]. The SESAM recovery time of 1.5 ps was directly measured in the pump-probe setup. The parameters used in simulations for the 100-fs VECSEL are summarized in Table 1 . It is important to emphasize that the model parameters summarized in Table 1 are in the same range for the different SDLs, which is not surprising since all the SDL materials are very similar. Using Eq. (7), we reproduced the reflectivity of the 100-fs VECSEL cavity (obtained as the sum of the VECSEL's and SESAM's saturation curves) with a pulse repetition rate of 1.6 GHz and a 100-fs pulse duration as described in [12] . In Fig. 7(c) we observe a cavity reflectivity maximum at a fluence of F 0 = 6 µJ/cm 2 , which is in good agreement with the actual modelocking fluence of 6.5 µJ/cm 2 . As expected from the model, the laser operates close to the maximum of cavity amplification, where an optimal balance between the effects of unsaturated SESAM, saturated gain and TPA losses occurs.
The quantity F 0 indicates the intracavity pulse fluence that the laser reaches in modelocked operation while the OC rate (defined as R(F 0 ) -100% -cavity losses) sets the power fraction that can be extracted at every roundtrip. Therefore, the combination of the two quantities represents a figure of merit for output power and efficiency of SDLs.
From Fig. 7(c) , we extracted R(F 0 ) = 101.2% for for the 100-fs VECSEL generating 100-fs pulses at 1.6 GHz. In addition, we need to consider ≈0.3% of additional fluence-independent cavity losses mainly introduced by the intracavity Brewster plate, which leads to a total OC rate of 0.9%, in agreement with our previous results [12].
Simulation of long pulse operation
We simulated the same cavity for 100-fs VECSEL with different pulse durations. We clearly observe that longer pulses shift F 0 to higher fluences [ Fig. 7(c) ]: for a 4-ps pulse, F 0 = 12 µJ/cm 2 which is two times the intracavity pulse energy compared to a 100-fs pulse under the same conditions. This comes at the expense of a reduced OC rate for two reasons:
1. The fast SESAM recovery introduces significant losses for long pulses, increasing the effective absorber saturation fluence. This can be avoided by using a slower saturable absorber.
2. A long pulse extracts carriers more efficiently from the gain QWs. Due to the high repetition rate of the pulse interacting with the gain on the VECSEL (for a V-shaped cavity ≈2 f rep ), the QW cannot be completely refilled in the short interval between two pulses. The stationary population level reached by the QWs after several roundtrips is then reduced together with the gain. Table 1 . Model input parameters for the analyzed structures. In black, fitted parameters. In red, fixed parameters during fitting procedure. In red bold italic, fixed parameters directly obtained from measurement. For life τ we fixed the value extracted from pump-probe measurement. The gain QWs used in the 672-fs VECSEL, 100-fs VECSEL and the 184-fs MIXSEL were grown under the same conditions in the same MOVPE machine, therefore we fitted intra τ only for the 672-fs VECSEL, keeping the value fixed for successive structures. The embedded QW absorber in the 184-fs MIXSEL is similar to the one in the SESAM used to modelock the 100-fs VECSEL, but we assume that long time annealing during growth slightly increased abs τ . The F 2 values are measured with a probe pulse duration of 170 fs.
In conclusion, the advantages of a chirped pulse formation in SDL cavities, which would in principle allow for a higher F 0 are strongly reduced when a fast saturable absorber is used. In addition, repetition rates below the GHz range cannot be reached without encountering multi pulse instabilities due to the short carrier lifetime in the QW conduction band and also intracavity multi-pass geometries [47, 48] do not reduce the effective repetition rate experienced by the gain chip.
Effects of gain saturation and TPA
Without modifying the SESAM parameters, we simulated the 100-fs VECSEL cavity for 100-fs pulses removing separately the effects of gain saturation and TPA in the VECSEL chip. As seen in Fig. 7(d) , TPA is not playing a dominant role at the low F 0 values we are considering. In contrast, gain saturation is seriously limiting the VECSEL performance: an unsaturable VECSEL could reach an F 0 value twice as high with roughly 1.5 times the OC rate compared to the actual results, meaning 3 times the average output power and pulse energy. The best performances would be clearly achieved in case of absent saturation and TPA, approaching the behavior of solid state lasers, which don't suffer from these limitations [49] .
Analysis of the 184-fs MIXSEL and optical-to-optical efficiency
MIXSEL saturation
We measured the fluence-dependent reflectivity for the 184-fs MIXSEL and for the 253-fs MIXSEL described in [15] . Thanks to its monolithic structure including both gain and absorber in the same chip, the MIXSEL offers a direct access to F 0 . We probed the MIXSEL reflectivity at the same lasing conditions (same center wavelength, pump intensity, heat-sink temperature and comparable pulse durations). As shown in Fig. 8(a) the measured F 0 values are in good agreement with the experimental modelocking fluences observed for the two lasers, confirming the correlation between F 0 and laser's operation point. We fitted the reflectivity measurements of 184-fs MIXSEL chip [ Fig. 8(b) ] according to Eq. (6) and extracted the parameters reported in Table  1 , which we then use in the following for optical-to-optical efficiency calculations. The maximum OC rate for 184-fs MIXSEL is measured to be 0.68% and F 0 around 7 µJ/cm 2 , both slightly higher compared to the experimental modelocking values. The low probing repetition rate of 80 MHz allows for maximum refilling of the QWs and therefore a higher F 0 compared to the 4.33-GHz pulse repetition rate, while the cavity losses, principally introduced by the intracavity Brewster plate, reduced T OC to 0.44%. When these effects are taken into account, the model reproduces correctly the actual performance.
Calculation of optical-to-optical efficiency
We define the optical-to-optical pump efficiency η of the MIXSEL as the ratio between the emitted modelocked power and the incident optical pump power. We used the RE model to numerically reproduce the experimental efficiency value observed for the 184-fs MIXSEL result. Efficiency is a fluence-dependent quantity and hereinafter we will calculate its value at the laser working fluence F 0 , which in turn varies with the pulse duration and the pulse repetition rate. We determine calc η from: represents the carriers that spontaneously recombine over T calculated as:
We obtain calc η = 0.97% for the 184-fs MIXSEL at a pulse repetition rate of 4.33 GHz, in good agreement with the experimental value meas η = 0.65%. Since we do not take into account any recombination process during carrier diffusion in the pumped GaAs and GaAs 0.94 P 0.06 barriers, we expected the calculated efficiency to be slightly higher than the real efficiency. (Table 1) ; dashed lines represent simulation with an increased absorber recovery time or an increased gain QW lifetime.
Possible solutions to reach higher pump efficiency
Higher pump efficiencies of several percent are reported in [14, 50] for ultrafast SDLs generating picosecond pulses. However, we would like to emphasize that calc η stays below 1.3% for the 184-fs MIXSEL chip when modelocking is simulated for pulse durations up to 10 ps. As discussed for the 100-fs VECSEL, in ps-operation the incomplete QW refilling and the increased absorber losses prevent significant increases in F 0 and OC. This cancels the beneficial effects on the efficiency of the higher gain saturation experimented by long pspulses (Fig. 9) .
A different behavior is observed when the recovery time of the embedded absorber is increased by a factor of 10, from 2.5 ps to 25 ps. According to [19] , sub-300-fs operation cannot be obtained with such a slow saturable absorber but from Fig. 9 we can conclude that calc η would actually be increased to about 3% for 10-ps pulses, which is in agreement with the previously demonstrated better pump efficiency for picosecond MIXSELs.
According to Eq. (9), a short carrier lifetime in the conduction band of the QW gain is the most detrimental parameter for the optical-to-optical pump efficiency. The pulse can interact with the gain medium only for a small fraction of a roundtrip time, while for the remaining time carriers diffuse through the barriers into the QWs and spontaneously recombine before contributing to pulse amplification. We simulated the 184-fs MIXSEL with a τ life five times higher compared to the experimental value, obtaining a significant efficiency increase for all pulse durations, with calc η exceeding 8% for a 3-ps pulse duration.
As indicated in Eq. (9), a shorter roundtrip time reduces the relative efficiency drop caused by spontaneous emission. We simulated modelocked operation for the 184-fs MIXSEL at higher pulse repetition rates of 10 and 30 GHz keeping the pulse duration fixed at 184 fs. In Fig. 10(a) we cannot observe an improvement of F 0 and available OC rate with higher pulse repetition rates. This is consistent with what was measured in [16]: higher repetition rates come at the expense of reduced intracavity pulse fluence and OC rate. Compared to the 4.33-GHz result we observe a higher efficiency at 10 GHz ( calc η = 1.66%), but then a lower efficiency for 30 GHz ( calc η = 0.85%). This means that reduced gain for higher pulse repetition rates cancels the potential benefit of the reduced losses of the excited carriers with shorter cavity roundtrip times. One can compare the QW population dynamics in Figs. 10(b)-10(d), simulated at different repetition rates at the respective F 0 . The overall carrier population, and therefore the gain is decreased by the more frequent incoming pulses on the MIXSEL chip.
In conclusion, a longer carrier lifetime in the conduction band is the most promising solution to increase the optical-to-optical pump efficiency for femtosecond SDLs.
Conclusion and outlook
In this paper, we have demonstrated a new world-record MIXSEL performance with pulses as short as 184 fs, with an average output power of 115 mW, a pulse repetition rate of 4.33 GHz and a center wavelength of 1048 nm. This corresponds to a peak power of 127 W. The MIXSEL chip has 10 InGaAs QWs for the gain and one single InGaAs QW for the saturable absorber. We used a simple linear cavity with an output coupler transmission of 0.44% and an intracavity Bewster plate to obtain linear polarization. This new result was obtained with a pump efficiency of only 0.65% and unfortunately confirms the trade-off in output power and optical-to-optical pump efficiency with shorter pulses.
To explain in more details the physical reasons for this trade-off, we employed and justified a rate equation (RE) model describing the InGaAs QWs normally used as active medium. By making careful approximations it was possible to make the model parameters accessible through direct measurements or fits of available experimental data. Despite its simplicity compared to other QW laser dynamical models, our model succeeds to accurately reproduce the experimental gain saturation curves obtained by probing the reflectivity of a pumped VECSEL at different pulse durations and correctly describes the output power and the pump efficiency for several different ultrafast SDL results based on SESAM modelocked VECSELs and MIXSELs. For shorter pulses, spectral hole burning decreases the carrier density available for the pulse amplification and therefore increases gain saturation effects and lowers the output power.
With the intent of analyzing the behavior of a full SDL cavity, we measured and fitted the VECSEL and the SESAM used for the 100-fs pulse generation presented in [12] . We concluded that the operation point of a modelocked SDL is set by the macroscopic fluence parameter F 0 , where the cavity round-trip pulse amplification is maximized. We can conclude that gain saturation in general and not TPA in the VECSEL chip is the dominant process that limits F 0 , the output coupling rate and therefore the output power.
The saturation characteristic was also measured and fitted for the 184-fs MIXSEL and confirmed our understanding from the ultrafast VECSEL analysis. Furthermore, a more detailed study on optical-to-optical pump efficiency was carried out searching for possible improvements. Long picosecond pulses are less affected by spectral hole burning but can achieve higher efficiencies only if the absorber recovery is kept slow (in the tens of picosecond). Higher repetition rates can in principle benefit from higher frequent and efficient amplification in the gain chip, but they do not offer improved efficiency performances because of the incomplete carrier refilling of the QWs between two consecutive pulses. We found that the main efficiency limitation is given by the short carrier lifetime in the conduction band of our QWs (measured to be approximately 140 ps). This low carrier lifetime is typical for high-power ultrafast SDLs with a typical output coupler of less than 1%.
From this analysis we can conclude that the main parameter that needs to be optimized for more efficient femtosecond SDLs is the carrier lifetime. We believe that significant improvements can be achieved with quantum dot (QD) instead of QW gain materials.
